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Abstract
Realistic scenario can be represented by general canonical ensemble way bet-
ter than the ideal one, with proper parameter sets involved. We study the
Bose-Einstein condensation phenomena of liquid helium within the framework
of Tsallis statistics. With a comparatively high value of the deformation param-
eter q(∼ 1.4), the theoretically calculated value of the critical temperature(Tc)
of the phase transition of liquid helium is found to agree with the experimen-
tally determined value (Tc = 2.17 K), although they differs from each other for
q = 1 (undeformed scenario). This throws a light on the understanding of the
phenomenon and connects temperature fluctuation(non-equilibrium conditions)
with the interactions between atoms qualitatively. More interactions between
atoms give rise to more non-equilibrium conditions which is as expected.
Keywords: Tsallis statistics, Bose-Einstein condensation, liquid helium.
1. Introduction
Statistical mechanics, an important tool in Theoretical Physics, has been
successfully used not only in different branch of physics (e.g. condensed matter
physics, high energy physics, Astrophysics etc.), but also found to be useful
in understanding share price dynamics, traffic control dynamics, etc), hydrocli-
matic fluctuations, random networks etc. The results predicted by the Statistical
Mechanics have been found to be in good agreement with the experiments.
Several attempts have been made to generalize this statistical mechanics
in recent years [1, 2, 3, 4, 5, 6] and it (popularly known as superstatistics or
q-generalized(Tsallis) statistics, where q is the deformation parameter) has al-
ready been applied to a wide range of complex systems, e.g., hydrodynamic
turbulence, defect turbulence, share price dynamics, random matrix theory,
random networks, wind velocity fluctuations, hydroclimatic fluctuations, the
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statistics of train departure delays and models of the metastatic cascade in can-
cerous systems [7, 8, 9, 10, 12, 11, 13, 14, 15]. In recent times many authors
studied the thermostatic properties of different kind of physical systems(which
are more complex than an ideal gas system) like self-gravitating stellar sys-
tem, Levy flight random diffusion, the galaxy model of the generalized Freeman
disk, the electron-plasma 2-D turbulence, the cosmic background radiation, cor-
related themes, the linear response theory, solar neutrinos, thermalization of
electron−photon systems etc [16, 17, 18, 19, 20, 21, 22, 23, 24].
This approach deals with the fluctuation parameter q which corresponds to
the degree of the temperature fluctuation effect to the concerned system. Here
we can treat our normal Boltzmann-Gibbs statistics as a special case of this gen-
eralized one, where temperature fluctuation effects are negligible, corresponds
to q = 1.0. More deviation of q from the value 1.0 denotes a system with more
fluctuating temperature. Various works related to this q-generalized or Tsallis
statistics have been reported in different phenomena [3, 25, 26, 27, 28, 29, 30,
31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41].
2. Connection between entropy and microstates in Tsallis statistics
A simple connection between the entropy(s) and the microstates(Ω) of a sys-
tem can be easily derived as s = kB lnΩ, where one assumes that the entropy(s)
is additive,while the number of microsates(Ω) is multiplicative.
A more general connection between s and Ω can be shown [42, 43] to be
equal to
sq = kB lnq Ω (1)
where the generalized log function(lnq Ω) is defined as
lnq Ω =
Ω1−q − 1
1− q . (2)
Consequently the generalized exponential function becomes
exq = [1 + (1− q)x]
1
1−q . (3)
Therefore q-modified Shanon entropy takes the following form
sq = −kB < lnq pi >= k
∑
pqi − 1
1− q (4)
Extremizing sq subject to suitable constraints yields more general canonical
ensembles(see Appendix B), where the probability to observe a microstate with
energy ǫi is given by: [1, 44, 45]
pi =
e−β
′ǫi
q
Zq
=
1
Zq
[1− (1 − q)β′ǫi]
1
1−q (5)
2
with partition function zq and inverse temperature parameter β =
1
kBT
. Also
β′ is the q-modified quantity and is given by [1, 44]
β′ =
β∑
i p
q
i + (1− q)βuq
=
β
Z1−qq + (1− q)βuq
(6)
with q-generalized average energy
uq =
∑
i ǫip
q
i∑
i p
q
i
(7)
In the limit of small deformation approximation(i.e., small | 1− q |), β′ → β
3. Bose-Einstein Condensation of liquid He in the framework of q-
generalized Tsallis Statistics
Whenever a system is subjected to the temperature fluctuation, the non−equilibrium
generalized statistical mechanics plays a crucial role. If the temperature fluc-
tuation effect is not negligible enough to disclose itself, then it is expected to
observe some deviation from the ideal phenomena. Here we study one such
phenomena i.e. Bose-Einstein condensation phenomena in Liquid Helium.
The Pauli-Exclusion principle forbids any two fermions to sit at the lowest
(or any other value) energy states, while no such principle forbids particles
with integral spins to occupy the same quantum states. This gives rise many
interesting properties at low temperature and the Bose-Einstein condensation
is one of them. With zero spin, a He42 atom is a boson and does not obey the
Pauli-Exclusion principle. In 1911, Kamerlingh Onnes first discovered liquid
Helium(He4) at a temperature of 4.2 K [46]. While plotting the specific heat
as a function of the temperature for liquid helium He42, Keesom and Clausius
in 1932 [47], first found a discontinuity in the specific heat at a temperature
T = 2.17 K (called the “critical temperature”) and the specific heat jumped to
a large value - a phase transition in which liquid helium goes from its normal
phase (i.e. liquid helium phase I) to superfluid phase (liquid helium phase II).
For the liquid helium the theoretically predicted value was ∼ 3.1K, whereas
experiments suggest that the superfluid state of liquid helium has been obtained
near ∼ 2.17K. This happens because the interactions between the atoms are
too strong. Only 8% of atoms are in the ground state near absolute zero, rather
than the 100% of a true condensate [50, 51, 48, 49].
To study BE-condensation, let us first write down the grand canonical par-
tition function, which in Tsallis statistics, takes the following form:
Zq(T, V, µ) =
∞∑
{nk}=0
expq
{
−β
∞∑
k=1
nk (ǫk − µ)
}
(8)
where, expq(x) is the q-generalized exponential function, given by Eq.(3).
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For small deformation (i.e. negligible temperature fluctuation), we find (us-
ing Eqs. (A.1) and (A.2); please refer to Appendix A)
Zq =
∞∑
n1,n2,···=0
[
expq {−β (ǫ1 − µ)}
]n1 [
expq {−β (ǫ2 − µ)}
]n2 · · ·
=
∞∏
k=1
∞∑
nk=0
[
expq {−β (ǫk − µ)}
]nk
=
∞∏
k=1
1
1− zq expq (−βǫk)
(9)
In above zq = expq(βµ) (µ is the chemical potential) is the q-generalized fu-
gacity. The average number of particle(normalized) in k-th state(with energy
ǫk)
< nk >q=
∑∞
nk=0
nkp
q
k∑∞
nk=0
pqk
(10)
where the probability distribution pk is given by
pk =
1
Zq
[
expq {−β(ǫk − µ)}
]nk
=
1
Zq z
nk
q expq(−βnkǫk) (11)
Substituting Eq.(11) into Eq.(10) and simplifying further we get
< nk >q=
1(
zqe
−βǫk
q
)−q
− 1
(12)
For q = 1 Eq.(12) exactly replicates the undeformed scenario, which states
< nk >=
1
z−1eβǫk − 1 (13)
Now the total number of particles (including the ground state)
N =
∑
k
< nk >q
=
1
z−qq − 1
+
∑
k 6=0
1(
zqe
−βǫk
q
)−q
− 1
= N0 +Nǫ (14)
with N0 =
1
z−qq −1 and Nǫ =
V
λ3 ga3/2(zq), being the number of particles in the
ground state and in the excited states. Here λ(= h/
√
2πmkBT ) is the thermal
4
de-Broglie wavelength and ga3/2(zq) is the q-generalized polylog function(Bose
integral) of the first kind, given by
ga3/2(zq) =
1
Γ(3/2)
∫ ∞
0
dx x3/2−1(
zqe
−x
q
)−q − 1 (15)
x = βǫ is the dimensionless quantity. Using the expressions in q-generalized
Tsallis scenario we get the characteristic(i.e. critical) temperature for Bose-
Einstein condensation [52] as follows
Tc =
h2
2πmkB
[
n
ga3/2(zq = 1)
]2/3
(16)
where, m denotes the mass the of the particle species concerned and n, the
number of the particles per unit volume(i.e. number density(=N/V )) respec-
tively. It clearly shows the dependence of Tc on the deformation parameter q.
Below in Fig.[1], we have shown the dependence of the Bose-Einstein conden-
sation temperature (Tc) on the deformation parameter q for liquid helium[52]
(with n = 2.2 × 1028 Atoms/m3 and m = mHe = 6.8 × 10−27 kg). The upper
n=2.2´1028 Atomsm3
m=4´1.7´10-27 kg
Theoretical value ~ 3.1 K in undeformed scenario
Experimental value ~ 2.17 K matches with 
deformed scenario with q~1.36
1.0 1.1 1.2 1.3 1.4 1.5 1.6
0
1
2
3
4
5
q
T c
Hin
K
L
For Liquid Helium
Figure 1: The dependency of the condensation temperature(Tc) for liquid helium on the de-
formation parameter(q) is shown.
horizontal curve corresponds to Tc = 3.1 K in undeformed scenario(q = 1),
while the lower horizontal curve corresponds to Tc = 2.17 K (the experimental
data for liquid hydrogen). The difference between the theoretical prediction
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and the experimental value of Tc for liquid helium can be explained using Tsal-
lis statistics. From the figure we see that the helium condensation temperature
Tc as predicted by the Tsallis statistics agrees with the experimental value cor-
responding to q ∼ 1.36, thereby signifies the importance of deformed statistics
which can explain the difference between the theory (undeformed value) and the
experiment. In Fig.[2], we have plotted N0/N and Nǫ/N as a function of T cor-
responding to q = 1.0, 1.1 and 1.36 for liquid helium[52]. From the figure(Fig.
q=1.0
q=1.1
q=1.36N0
NΕ
0 1 2 3 4
0.0
0.2
0.4
0.6
0.8
1.0
T Hin KL
N
0 N
,
N
Ε N
N0
N ,
NΕ
N vs T
Figure 2: Plots showing the variation of N0/N and Nǫ/N as a function of T for q = 1.0, 1.1
and 1.36, respectively. Plots are for liquid helium with n = 2.2 × 1028 Atoms/m3 and mass
of helium atom is taken to be m = 6.8× 10−27 kg.
1), we see that as q increases, the critical temperature(Tc) of the Bose-Einstein
condensation of liquid helium decreases and eventually matches with the exper-
imental value at Tc = T
exp
c = 2.17 K for the deformation parameter q = 1.36.
3.1. Specific heat variation and BE condensation
From Eq.9, we find the partition function after simplification,
lnZq = ln
[ ∞∏
k=1
1
1− zq expq (−βǫk)
]
= ln(1− zq) + V
λ3
gb5/2(zq), (17)
where gb5/2(zq) is the q-generalized polylog function(Bose integral) of the second
kind, given by
gb5/2(zq) =
1
Γ(5/2)
∫ ∞
0
dx x5/2−1
z−1q
(
e−xq
)−q − (e−xq )1−q (18)
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The internal energy Uq(q-generalized internal energy) is given by [1, 2]
Uq = − ∂
∂β
lnq Zq = − ∂
∂β
lnq e
lnZq (19)
where the q-generalized logarithm is defined by Eq.(2). The normalized q-
generalized internal energy is defined as [1, 53, 54]
< Uq >=
Uq∑
i p
q
i
=
3
2
V
λ3
kBT gb5/2(zq) (20)
In BE condensation phase(i.e., T < Tc), the fugacity zq = 1. So in this phase
the molar specific heat capacity of the system at constant volume is given by
CV =
[
∂ < Uq >
∂T
]
N,V
=
3
2
V kB gb5/2(zq = 1)
∂
∂T
(
T
λ3
)
(21)
Now using the fact that ∂∂T
(
T
λ3
)
= 52
1
λ3 , we find
CV
NkB
=
15
4
V
N
1
λ3
gb5/2(zq = 1) ∝ T 3/2 (22)
with T < Tc (in condensation phase). For T > Tc, zq < 1 and N0 ≈ 0.
∴ N ≈ V
λ3
ga3/2(zq) =⇒
V
λ3
=
N
ga3/2(zq)
(23)
From Eq.(20)
< Uq > =
3
2
N
ga3/2(zq)
kBT gb5/2(zq) =
3
2
NkBT
gb5/2(zq)
ga3/2(zq)
(24)
and
CV
NkB
=
1
NkB
[
∂ < Uq >
∂T
]
N,V
=
3
2
[
gb5/2(zq)
ga3/2(zq)
+ T
∂
∂T
{
gb5/2(zq)
ga3/2(zq)
}]
=
3
2
[
gb5/2(zq)
ga3/2(zq)
+ T
∂zq
∂T
∂
∂zq
{
gb5/2(zq)
ga3/2(zq)
}]
(25)
Now using ∂∂T
(
λ3
)
= − 32 λ
3
T and Eq.(23) we get
∂zq
∂T
= −3
2
1
T
ga3/2(zq)
ga′3/2(zq)
(26)
where, ga′3/2(zq) denotes the derivative of ga3/2(zq) with respect to zq. Putting
this back on Eq.(25) the expression for the molar specific heat capacity per unit
volume becomes
CV
NkB
=
3
2
[
gb5/2(zq)
ga3/2(zq)
− 3
2
ga3/2(zq)
ga′3/2(zq)
∂
∂zq
{
gb5/2(zq)
ga3/2(zq)
}]
(27)
Simplifying further we get
CV
NkB
=
15
4
gb5/2(zq)
ga3/2(zq)
− 9
4
gb′5/2(zq)
ga′3/2(zq)
(28)
Eq.(28) is valid for T > Tc. For the BE condensation phase in which T < Tc,
the simplified form of Eq.(22) becomes
CV
NkB
=
15
4
gb5/2(zq = 1)
ga3/2(zq = 1)
(
T
Tc
)3/2
(29)
Finally, using the definition of Tc, Eq.(16) we get
1
λ3
=
(
T
Tc
)3/2
N/V
ga3/2(zq = 1)
(30)
In Fig.[3], we have plotted the specific heat CV /R (of liquid helium) as a
q=1.36
q=1.1
q=1.0
TC = 3.1 K Theoretical
value in undeformed case
TC = 2.87 K
TC = 2.17 K 
(Experimental)
0 2 4 6 8
0.0
0.5
1.0
1.5
2.0
2.5
3.0
T Hin KL
C V R
Specific heat capacity CV
Figure 3: The specific heat CV /R is plotted against T for liquid helium. The plots show the
phase transition of liquid helium from its normal phase to it superfluid phase. The plots are
shown for q = 1.0, q = 1.1 and 1.36, respectively.
function of T corresponding to the different values of the deformation param-
eter q. We vary q varies from q = 1 to q = 1.36 for liquid helium[52] with
n = 2.2× 1028 Atoms/m3. The discontinuity (at the peak) in CV /R vs T curve
corresponds to the phase transition i.e. transition from normal phase(phase I) to
superfluid phase(phase II). We see that as q increases from 1.0 to 1.36, the tran-
sition temperature Tc changes from 3.1 K to 2.17 K which is the experimentally
determined value.
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A significant amount of work has already been done to observe the effect of
generalized Tsallis statistics on the phenomena of Bose-Einstein condensation
[55, 56, 57, 58]. Ou et al.studied the thermostatic properties of a q-generalized
Bose system trapped in an n-dimensional harmonic oscillator potential [57]
whereas Chen et al.investigated q-generalized Bose-Einstein condensation based
on Tsallis entropy [58]. Both of the above mentioned works deal with a D-
dimensional q-generalized ideal boson system with the general energy spectrum
ε = aps (31)
with two positive constants a and s. For non-relativistic particle system a = 12m
and s = 2(wherem is the mass of the concerned particle) whereas for relativistic
system, s = 1 and a = c(the speed of light).
For q > 1 they Ou et al.and Chen et al.obtained q-generalized Bose integral
as follows [57, 58]
gq,n(zq) =
∞∑
j=1
z
j−(1−q)n
q
(q − 1)n
Γ(j/(q − 1)− n)
Γ(j/(q − 1)) (32)
Consequently the q-generaized Riemann Zeta function was defined as
ζq(n) =
∞∑
j=1
1
(q − 1)n
Γ(j/(q − 1)− n)
Γ(j/(q − 1)) , q > 1 (33)
with the interesting fact that
lim
q→1
ζq(n) = ζ(n) (34)
Using these facts we can estimate the characteristic(i.e. critical) temperature
for Bose-Einstein condensation in q-generalized Tsallis scenario which can be
expressed as a simple relation now [57, 58]
Tq,c
Tc
=
{
ζ(D/s)
ζq(D/s)
}s/D
(35)
where Tq,c and Tc are the Bose-Einstein condensation temperature for q > 1
and q = 1 respectively. For a 3 dimensional non-relativistic particle system(as
considered in our present work Sec. 3) s = 2 and D = 3. In that case, Eq.(35)
becomes
Tq,c = Tc
{
ζ(3/2)
ζq(3/2)
}2/3
(36)
Now we know that, for q = 1, Tc = 3.1. Putting q = 1.36 into the Eq.(36) yields
Tq,c = 2.178 which is in nice agreement with the value of the condensation tem-
perature obtained using Eq.(16) for q = 1.36. Also the most important fact is
9
q=1.36
q=1.1
q=1.0
0 2 4 6 8
0.0
0.5
1.0
1.5
2.0
2.5
3.0
T Hin KL
C V R
Specific heat capacity CV
Figure 4: The specific heat CV /R is plotted against T for liquid helium. The plots are shown
for q = 1.0, q = 1.1 and 1.36, respectively with the experimental data points(blue dots) of
C/R by Keesom et al.[59].
that for q = 1.36, both of the Eqs.(36) and (16) giving us a unique theoretical
value(in q-generalized Tsallis scenario) of the characteristic(i.e. critical) temper-
ature for Bose-Einstein condensation which also agrees with the experimentally
determined one.
In Fig.[4], we have plotted the specific heat CV /R (of liquid helium) as a
function of T corresponding to the different values of the deformation parameter
q. Also the experimental data points have been shown which was obtained by
W. H. Keesom and A. P. Keesom [59].
4. Conclusion
We study the Bose-Einstein condensation phenomena within the framework
of Tsallis statistics. We find that the critical temperature(Tc) of the Bose-
Einstein condensation depends strongly on the deformation parameter q. For
q = 1 (undeformed scenario), we find that the theoretically calculated value
of the critical temperature (∼ 3.1 K) differs from the experimentally measured
value ∼ 2.17 K. With a relatively high value of the deformation parameter
q(∼ 1.36), the theoretical prediction of the critical temperature for liquid he-
lium(which is a highly interacting non-ideal boson system) matches with the
experimentally determined one. Here we can consider the deformation parame-
ter q is taking care of the concerned non-equilibrium conditions which arises due
to the nearest neighbour interactions among the atoms involved. Consequently
the undeformed scenario(q = 1.0, in which we consider an ideal non-interacting
10
bosonic system) failed to explain the discrepancy between the theoretical and
the experimentally determined value.
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Appendix A. Indicial properties of q-generalized exponential func-
tion for small deformation
From Eq.(3), keeping only first order in (1− q),
eaq · ebq = [1 + (1− q)a]
1
1−q · [1 + (1 − q)b] 11−q
=
[
1 + (1− q)(a+ b) + (1− q)2ab] 11−q
≃ ea+bq (A.1)
Similarly, neglecting higher order terms we get,
(
eaq
)b
= [1 + (1 − q)a] b1−q
=
[
1 + (1− q)ab + b(b− 1)
2!
(1 − q)2a2 + · · ·
] 1
1−q
≈ eabq (A.2)
Though in our present discussion, the q-value used to fit the data is q ≈ 1.36,
the approximation still holds because of the values of a and b to be substituted
in Eqs. (A.1) and (A.2). Eqs. (8) and (10) are leading to Eqs. (9) and (12),
respectively. There we are using the energy of the particle in k-th state as ǫk and
the q-generalized fugacity as zq = expq(βµ) with µ as the chemical potential.
The quantities βµ and βǫk are to be treated as a and b in Eqs. (A.1) and (A.2)
to apply the weak deformation approximation(i.e., | 1− q |). The validity of the
approximation holds as the quantities associated with (1 − q)2(or higher order
of (1 − q)) is small like ab, a2b, a2b2 etc. (i.e., β2ǫiǫj, β3ǫ2i ǫj, β4ǫ2i ǫ2j , β2ǫiµ etc.).
For q ≈ 1.36, (1−q)2 ≈ 0.13 which is almost 13 rd of its first order (1−q) = 0.36.
Clearly we can restrict our consideration up to first order of µ and ǫk with
weak deformation approximation. So even for q ≈ 1.36 the weak deformation
approximation is reasonably valid as the contribution of the higher order terms
in Eqs. (A.1) and (A.2) becomes negligible.
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Appendix B. Constraints and Entropy Optimization in Tsallis Statis-
tics
To impose the mean value of a variable in addition to satisfy the following
fact ∫ ∞
0
dx p(x) = 1 (B.1)
q-generalized mean value of a variable x is to be defined as [1, 44]
< x >q=
∫ ∞
0
dx xP (x) = Xq (B.2)
whereas, P (x) is the Escort distribution and is defined as
P (x) =
[p(x)]q∫∞
0
dx′ [p(x′)]q
(B.3)
We immediately verify that P (x) is normalized as well
∫ ∞
0
dx P (x) =
∫∞
0 dx [p(x)]
q∫∞
0 dx
′ [p(x′)]q
= 1 (B.4)
We can use these facts to optimize the generalized entropy sq. In order
to use the Lagrange’s undetermined multiplier method to find the optimized
distribution we define the following quantity
Φ[p] =
1− ∫∞0 dx [p(x)]q
q − 1 − αq
∫ ∞
0
dx p(x)− βq
∫∞
0 dx x[p(x)]
q∫∞
0 dx [p(x)]
q
(B.5)
with αq and βq as the Lagrange parameters. Therefore imposing the optimiza-
tion conditions
∂Φ(p)
∂p
= 0 (B.6)
Simplifying further we get
p(x) =
e
−βq(x−Xq)
q∫∞
0
dx′ e−βq(x
′−Xq)
q
(B.7)
Now from the following two constraints
• ∑i pi = 1 (Norm constraint)
• < ǫ >q=
∑
i ǫiPi = uq (Energy constraint)
with Pi =
pq
i∑
j
pq
j
12
we obtain the distribution as follows
pi =
e
−βq(ǫi−uq)
q
z¯q
(B.8)
with z¯q =
∑
i e
−βq(ǫi−uq)
q and βq =
β∑
j
pq
j
.
Now
sq = −kB < lnq pj >
= kB
∑
j p
q
j − 1
1− q
=⇒
∑
j
pqj = 1 + (1 − q)
sq
kB
(B.9)
Also
sq = −kB lnq z¯q = kB
1− q
(
z¯1−qq − 1
)
(B.10)
∴
∑
j
pqj = 1 + (1− q)
kB
1−q
(
z¯1−qq − 1
)
kB
= z¯1−qq (B.11)
So now
βq =
β∑
j p
q
j
= βz¯q−1q (B.12)
More useful and the convenient form of Eq.(B.8) for application purpose, is
given by [1, 44]
pi =
e−β
′ǫi
q
Zq
(B.13)
with Zq =
∑
i e
−β′ǫi
q and β
′ = βq1+(1−q)βquq =
β
Z1−qq +(1−q)βuq .
Appendix C. Converting summations to integrals
Using Eq. (12) we can calculate the total number of particles (including the
ground state) in the following way
N =
∑
k
< nk >q
=
1
z−qq − 1
+
∑
k 6=0
1(
zqe
−βǫk
q
)−q
− 1
= N0 +Nǫ (C.1)
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where the number of particles in the ground state
N0 =
1
z−qq − 1
(C.2)
and the number of particles in the excited states is given by
Nǫ =
∑
k 6=0
1(
zqe
−βǫk
q
)−q
− 1
(C.3)
Converting the above mentioned summation into integral with proper phase-
space factor we get
Nǫ =
2πV
h3
(2mkBT )
3
2Γ(3/2)
1
Γ(3/2)
∫ ∞
0
dx x1/2(
zqe
−x
q
)−q − 1 (C.4)
with x = βǫ (a dimensionless quantity). The extra factor (kBT )
3
2 arises due
to this change of variable inside the integral. Now h√
2πmkBT
= λ, the thermal
de-Broglie wavelength and Γ(3/2) =
√
3
2 .
∴
2π
h3
(2mkBT )
3
2Γ(3/2) =
1
λ3
(C.5)
and
Nǫ =
V
λ3
ga3/2(zq) (C.6)
ga3/2(zq) is the q-generalized polylog function(Bose integral) of the first kind,
given by
ga3/2(zq) =
1
Γ(3/2)
∫ ∞
0
dx x3/2−1(
zqe
−βǫk
q
)−q
− 1
(C.7)
Similarly from Eq.9, we get the following
lnZq = ln
[ ∞∏
k=1
1
1− zq expq (−βǫk)
]
= ln 1− ln{1− zqe−βǫ1q }− ln{1− zqe−βǫ2q }− · · ·∞
= ln(1 − zq)−
∞∑
k=0
ln
{
1− zqe−βǫkq
}
(C.8)
And after converting the summation into the integral(following the same pro-
cedure mentioned above) we get
lnZq = ln(1− zq) + V
λ3
gb5/2(zq), (C.9)
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where gb5/2(zq) is the q-generalized polylog function(Bose integral) of the second
kind, given by
gb5/2(zq) =
1
Γ(5/2)
∫ ∞
0
dx x5/2−1
z−1q
(
e−xq
)−q − (e−xq )1−q (C.10)
Intermediate steps:
−
∞∑
k=0
ln
{
1− zqe−βǫkq
}
= −2πV
h3
(2m)3/2
∫ ∞
0
ǫ1/2 ln
(
1− zqe−βǫq
)
dǫ
= −2πV
h3
(2m)3/2
[
ln
(
1− zqe−βǫq
) ǫ3/2
3/2
∣∣∞
0
−
∫ ∞
0
zqβ
(
e−βǫq
)q
1− zqe−βǫq
ǫ3/2
3/2
dǫ
]
(C.11)
For ǫ→ 0, ǫ3/2 = 0 and for ǫ→∞, ln (1− zqe−βǫq ) = ln(1− 0) = 0
∴ −
∞∑
k=0
ln
{
1− zqe−βǫkq
}
= −2πV
h3
(2m)3/2
[
−
∫ ∞
0
zqβ
(
e−βǫq
)q
1− zqe−βǫq
ǫ3/2
3/2
dǫ
]
=
2πV
h3
(2m)3/2
2β
3
∫ ∞
0
ǫ3/2 dǫ
z−1q
(
e−xq
)−q − (e−xq )1−q
=
2πV
h3
(2m)3/2
2β
3
1
β5/2
∫ ∞
0
x3/2 dx
z−1q
(
e−xq
)−q − (e−xq )1−q
=
2πV
h3
(2mkBT )
3/2 2
3
Γ(5/2) gb5/2(zq)
=
2πV
h3
(2mkBT )
3/2 2
3
3
2
√
π
2
gb5/2(zq)
=
V
λ3
gb5/2(zq) (C.12)
where x = βǫ and λ = h√
2πmkBT
, the de-Broglie wavelength.
Appendix D. Properties of q-generalized Bose integrals(in other words
q-generalized Polylog functions)
We have introduced the intermediate functions namely as q-generalized poly-
log functions of first kind and second kind for convenience. These are not any
new functions but the q-generalized version of the known polylog function g or
in other words q-generalized Bose integrals.
In Fig. D.5 we have shown the characteristics of ga3/2(zq) for different q.
This is the q-generalized Bose integral of the first kind, given by
ga3/2(zq) =
1
Γ(3/2)
∫ ∞
0
dx x3/2−1(
zqe
−x
q
)−q − 1 (D.1)
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Figure D.5: Characteristic curve of ga3/2(zq), q-generalized Bose integral of the first kind.
In Fig. D.6 we have shown the characteristics of gb3/2(zq) for different q.
Here this is the q-generalized Bose integral of the second kind, given by
gb5/2(zq) =
1
Γ(5/2)
∫ ∞
0
dx x5/2−1
z−1q
(
e−xq
)−q − (e−xq )1−q (D.2)
Interestingly both the functions in q → 1 limit i.e., Eqs. (D.1) and (D.2)
become our known Bose integrals which are as follows
g3/2(z) =
1
Γ(3/2)
∫ ∞
0
dx x3/2−1
(ze−x)−1 − 1 (D.3)
and
g5/2(z) =
1
Γ(5/2)
∫ ∞
0
dx x5/2−1
z−1ex − 1 (D.4)
For zq = 1 these functions become Riemann-Zeta functions. In general for
any q, Eq. (D.1) is equivalent to the q-generalized version of the Bose integrals
given in [57, 58]. The plot obtained for the critical temperature Tc as a function
of the deformation parameter q using our q-modified version of the polylog
function of first kind and the same plot using the q-generalized version of the
Bose integral given by [57, 58], are overlapping with each other(that is why we
could not show the prediction of Ou et al.and Chen et al.in Fig. 1 separately
[57, 58] with our prediction). The only difference is that, Ou et al.and Chen et
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Figure D.6: Characteristic curve of gb5/2(zq), q-generalized Bose integral of the second kind.
al.used the same q-generalized version of the Bose integral as well to calculate
the specific heat, whereas we used q-generalized Bose integral of the second kind
to calculate the same. That is why our specific heat characteristics are little bit
different from their prediction.
It is very difficult to derive an exact expression for the q-generalized mean oc-
cupation numbers from a more fundamental statistical description of a Bose gas
which is strictly derived from more basic assumptions. Though we attempted
to solve this issue using some algebraic assumptions which are reasonably valid
under very restrictive conditions, an alternative strategy has been followed by
Ou et al.and Chen et al.[57, 58]. They assumed a reasonably well defined q-
generalized expression for the occupation number which is compatible with the
general structures of the q-thermostatistical formalism. They investigated thor-
oughly and found that it exhibits physically appealing properties. Most impor-
tantly, though that expression cannot be obtained from the first principle at the
moment, it agrees with the experimental result. Clearly the sensible choice of
such an expression can correctly describe the experimental data.
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